
TRANSONIC HELICOPTER NOISE

A. S. Morgans
�
, S. A. Karabasov †, A. P. Dowling ‡and T. P. Hynes §

Department of Engineering, University of Cambridge, UK

One of the most important issues facing the helicopter industry today is helicopter noise, of which transonic rotor noise is
a major component. With the aim of obtaining a transonic rotor noise prediction method which is sufficiently fast to be
useful to blade designers, this paper considers the Ffowcs Williams-Hawkings (FW-H) equation applied to a permeable
control surface. The surface is chosen to be as small as possible while enclosing both the blade and any transonic flow
regions. This allows the problematic quadrupole term in the FW-H equation to be neglected and requires only near field
CFD computations. It is therefore less computationally time consuming than existing prediction methods and also offers
insight into the physical origins of the noise. Noise predictions for transonic rotor blades in hover and forward flight are
presented which show good agreement with experimental results, thus validating the methodology. Low order models for
the dynamics of the acoustic sources are then derived for two-dimensional transonic flow. These are used to demonstrate
that low order modelling techniques can be used to replace the need for full CFD solutions, providing significant time
savings.

Nomenclature
A � J

�
∇y f

� ���
∇η f

�

c speed of sound in undisturbed fluid, ms � 1

f f � 0 defines location of S
g � t � τ � r(τ)

�
c

J Jacobian of y � η coordinate change
Li � pi jn j � ρui(un � vn)
M Mach number
n unit vector normal to S
p absolute pressure, Pa
pi j compressive stress tensor, Pa
r(τ) � �

x(t) � y(τ)
�
, radiation vector, m

r(τ) � �
r(τ)

�
, magnitude of r, m

R blade tip radius, m
S control surface
t observer time, s
T sampling period, s
Ti j Lighthill stress tensor
u fluid velocity, ms � 1

Ui � (1 � ρ
�
ρ0)vi � ρ

�
ρ0ui

v velocity of S, ms � 1

v speed of S/blade speed (2-D flow), ms � 1

x observer location, m
y source location, m
z z-transform variable � eiωT

α blade pitch angle, degrees
η coordinates in which S is stationary
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ρ density, kgm � 3

τ source time, s
τ � retarded time � t � r(τ � )

�
c, s

φ phase, radians
ψ blade azimuth angle, degrees
ω frequency, rad

�
s

( ) generalised variable
( )0 value in undisturbed fluid
() � fluctuation about undisturbed/mean level
( )r component in radiation direction
()n component in surface normal direction
 2 wave operator � ∇2 � 1

c2
∂ 2

∂ t2

Introduction
In recent years, factors such as environmental acceptabil-

ity of ground noise levels, passenger comfort and acoustic
detectability have elevated the importance of noise in he-
licopter rotor design. At present cruise speeds, shock as-
sociated rotor noise is a major noise source and yet there
is presently no method of predicting it which is sufficiently
fast and physically insightful to be useful in the rotor design
process.

Rotor noise is most efficiently predicted using inte-
gral methods which separate the computation of the noise
sources and noise propagation. The aerodynamic field
around the blade is evaluated using an unsteady CFD
solver, and an integral formulation is used to describe how
the sound propagates to the far-field. The two most com-
monly used integral methods are the Kirchhoff method and
Ffowcs Williams - Hawkings (FW-H) equation. The Kirch-
hoff method involves integration over a surface located in
the linear flow region. Although it is capable of accurate
noise prediction, the linear flow region is difficult to locate
and is typically far from the blade for transonic flows.1, 2



Computing an accurate and well-resolved flow solution out
to this surface therefore renders the Kirchhoff method too
computationally intensive to be useful in design.3, 4 It also
does not offer any physical insight into the noise genera-
tion. The FW-H equation expresses the noise in terms of a
distribution of monopole and dipole sources over a control
surface, and a distribution of quadrupole sources over the
volume outside the surface.1 When the control surface is
chosen to coincide with the blade surface, these terms rep-
resent the noise due to blade thickness, blade loading and
flow non-linearities/entropy variations respectively. The
volume quadrupole term is difficult and time consuming to
compute, but its contribution to the total noise is negligible
except where the flow is transonic;5 in these regions it may
contribute significantly.

To predict shock-associated noise while avoiding the
need to compute the problematic quadrupole term, the FW-
H equation can be applied to a permeable control surface
which encloses the blade and all transonic flow regions.
The flow outside of the control surface is then subsonic
and the quadrupole term can be neglected, leaving only
the more straightforward surface source terms. The per-
meable form of the FW-H equation has recently been used
to predict transonic helicopter noise,3, 6 but Kirchhoff-type
control surfaces were used which were far from the blade.
In terms of CFD computational time, this is far from opti-
mal.

This paper considers a control surface which is as close
to the blade surface as possible, while enclosing all tran-
sonic flow regions. With this arrangement, the quadrupole
term in the FW-H equation can still be neglected, and yet
the CFD solution requires significantly less computational
time. The terms in the FW-H equation still offer physical
insight into noise generation in terms of mass and momen-
tum flux through the surface (for low tip Mach numbers,
the control surface collapses onto the blade surface and the
terms can be interpreted as before). This paper presents
noise predictions for transonic three dimensional helicopter
blade motion using the permeable surface form of the FW-
H equation. The computational effort associated with these
predictions is much less than would be required by the
Kirchhoff method.

The control surface acoustic sources in the FW-H equa-
tion can always be calculated directly using unsteady CFD
methods. However, in three-dimensions this will render
any noise prediction method too time consuming for use
in design for all but the most straightforward of manoeu-
vres. Low order modelling provides an efficient means of
approximating the dynamics of the control surface acoustic
sources. Full CFD computations under just a few condi-
tions are needed, and these, combined with information on
the time variation of the flight dynamics, allow the tempo-
ral variation of the acoustic sources to be predicted. Low
order modelling essentially makes an efficient approxima-

tion to the CFD system.
For transonic flows such as those around a helicopter

blade, the steady state flow-field is inherently a non-linear
function of flight condition. However, the aim of low order
modelling is to describe the dynamics of the unsteady flow
field, which may behave as a linear perturbation about its
quasi-steady value for sufficiently small variations in flight
condition.7, 8

This paper uses input/output modelling techniques ap-
propriate for linear systems to obtain low order models for
the dynamics of the control surface acoustic sources in two-
dimensional transonic flow, and verifies that these models
can replace the role of full CFD simulations in noise pre-
diction.

The Permeable Surface Form of
the FW-H Equation

The permeable surface form of the Ffowcs Williams-
Hawkings equation follows from the fluid conservation
laws in the same way as the more familiar impermeable
surface form.1

A permeable control surface, S, is considered which is
defined by the equation f � x � t � � 0. S encloses all solid
boundaries and moves with velocity v.

f < 0

f > 0
H( f ) = 1

H( f ) = 0

v

enclosed body

velocity, 

permeable surface, S

Fig. 1 Permeable control surface

Generalised flow variables are defined (denoted by an
overbar) which hold over infinite space. Outside the sur-
face, S, the generalised variables are equal to the real flow
variables, while inside the surface they have the value zero.
The continuity and momentum equations valid over all
space can then be written as,

∂ρ �
∂ t �

∂ � ρui �
∂xi

� � ρ0un � ρ � � un � vn �	� δ � f ��
 ∇x f 
 (1)

∂ � ρui �
∂ t �

∂
∂x j

� pi j � ρuiu j � �

� pi jn j � ρui � un � vn �	� δ � f ��
∇x f 

(2)

Following the notation of di Francescantonio,6 new vari-
ables, Ui and Li are introduced to simplify the algebra.
These represent velocity and stress tensors, modified to ac-
count for the flow through S.

Li
� pi jn j � ρui � un � vn � � Lm

� LiMi �
Ui

� � 1 � ρ � ρ0 � vi � ρ � ρ0ui

(3)



By subtracting the divergence of (2) from the time
derivative of (1), an inhomogeneous wave equation is ob-
tained. � 2 p � � x � t � � � ∂

∂xi

�
Liδ � f ��
 ∇x f 
 �

�
∂
∂ t

�
ρ0Unδ � f ��
 ∇x f 
 � � ∂ 2Ti j

∂xi∂x j

(4)

This is the differential form of the FW-H equation and
describes the generation and propagation of sound. On the
right hand side, surface monopole, surface dipole and vol-
ume quadrupole distributions act as acoustic sources, while
on the left the wave operator describes the propagation of
sound from the sources to the observer. The substitution
p � � c2ρ � has been made on the left side of the equation,
requiring linearity and no entropy variation at the observer
location. Ti j is the generalised Lighthill stress tensor, which

has value Ti j � ρuiu j � pi j � c2ρ � δi j outside of the surface
S and is zero within it. Since S encloses the blade and all
transonic flow regions, Ti j is negligible outside of S and
hence the last term on the right hand side can be neglected.

The equation is valid in all of three dimensional space,
owing to the fact that generalised variables have been
used. The integral form can therefore be obtained by
convolving with the free space, 3-D Green’s function for
the wave equation, which has the well known form δ � t ��
x
� �

c � � � 4π
�
x
� � .9

p � � x � t � � � ∂
∂xi

� ∞�� ∞

Liδ � f � δ � g ��
∇y f 

4πr

d3ydτ

�
∂
∂ t

� ∞�� ∞

ρ0Unδ � f � δ � g ��
 ∇y f 

4πr

d3ydτ

where r � 
 x � y � τ � 
 and g � t � τ � r � c

(5)

A coordinate change from fixed coordinates, y, to coor-
dinates which move with the control surface, η , allows the
source strengths to be considered in a frame moving with
the surface. The Jacobian for the coordinate change is J,
and represents the ratio of volume elements in the η and y
spaces.

p � � x � t � � � ∂
∂xi

� ∞�� ∞

Liδ � f � δ � g ��
 ∇y f 
 J
4πr

d3η dτ

�
∂
∂ t

� ∞�� ∞

ρ0Unδ � f � δ � g ��
∇y f 
 J
4πr

d3η dτ

(6)

Equation (6) is the most general integral form of the per-
meable FW-H equation. To implement it numerically, it is
necessary to integrate the two delta functions. The retarded

time formulation provides a convenient means of doing this
in cases where the motion of the surface S is subsonic.
Firstly integration over τ is performed: since the surface
S is fixed in η coordinates, the δ � f � term is unaffected
by this. Noting that

�
∂g

�
∂τ

� � �
1 � Mr

�
and integrating

over one space dimension using the remaining delta func-
tion gives,

p � � x � t � � � ∂
∂xi

�
S

�
LiA

4πr 
 1 � Mr 
	� τ 
 dS � η �

�
∂
∂ t

�
S

�
ρ0UnA

4πr 
 1 � Mr 
	� τ 
 dS � η �
(7)

Equation (7) is the permeable surface form of the re-
tarded time formulation with the quadrupole term ne-
glected. A � J

�
∇y f

� ���
∇η f

�
represents the ratio of area

elements in the η and y spaces. If the surface is undis-
torted in motion then A is equal to unity. τ � is the retarded
time, given implicitly by the relationship,

τ � � t � r � τ � �
c

� t � 
 x � t � � y � τ � ��

c

(8)

Sound emitted by the source at retarded time τ � will reach
the observer at the time of interest, t. For a fixed observer
position and time and for subsonic surface motion, τ � can
only have one value.

To express equation (7) in a form suitable for computa-
tion, further manipulation is required. Numerical differen-
tiation of the integrals can be avoided and the speed and
accuracy of the computation is improved if the derivatives
are taken inside the integrals.10 The ∂

�
∂xi can be replaced

using (9) and the integration surface S � η � is independent
of t so time derivatives inside the integrals can be replaced
with ∂

�
∂τ terms using (10).

∂
∂xi

�
S

QidS � ∂
∂ t

�
S

Qiri

cr
dS �

�
S

Qiri

r2 dS (9)

∂ � Q � τ �
� τ 

∂ t

�
�

1
� 1 � Mr �

∂Q � τ �
∂τ � τ 
 (10)

Differentiating and gathering terms together gives,

4π p � � x � t � � �
S

�
ρ0 � U̇n � Uṅ �
r � 1 � Mr � 2 � τ 
 dS � η � ��

S

�
ρ0Un � r � ∂M � ∂τ � r � c � Mr � 
 M 
 2 �	�

r2 � 1 � Mr � 3 � τ 
 dS � η �

�
1
c

�
S

�
L̇r

r � 1 � Mr � 2 � τ 
 dS � η �

�
�
S

�
Lr � Lm

r2 � 1 � Mr � 2 � τ 
 dS � η � �
1
c

�
S

�
Lr � r � ∂M � ∂τ � r � c � Mr � 
M 
 2 �	�

r2 � 1 � Mr � 3 � τ 
 dS � η �

(11)



Equation (11) is the form of the impermeable retarded
time formulation that has been used for numerical com-
putation. It is valid for subsonic surface motion and it
assumes that the integration surface is undistorted in mo-
tion, so that A � 1 and ∂A

�
∂τ � 0.

CFD Methodology
The primary interest here is in shock-associated noise.

Typically, the shock is present over the outer part of the
span for azimuthal angles corresponding to the blade ad-
vancing. For this phase of the cycle, the interaction with
other blade wakes and the disturbance due to the presence
of the fuselage and tail rotor are likely to be small. The
CFD calculation used to generate the data for the acoustic
calculations is therefore performed for a single, oscillating
and advancing blade in an otherwise undisturbed flow.

The calculations are performed using a grid which is
fixed relative to the blade, with the problem formulated in
terms of the relative velocity as in Zhong and Qin.11 This
makes it relatively easy to form smooth acoustic surfaces
and to ensure good grid and solution quality in their vicin-
ity. In addition, it removes errors introduced by the need to
re-interpolate the solution at each time step onto a new grid
position that one has if a pitching grid technique12 is used.

Although the blade is treated as a rigid body, this ap-
proach has been used successfully to account for a wide
range of blade motion, such as collective and cyclic pitch
variation, tilt and coning. Non-inertial terms due to the
highly convoluted motion of the blade frame appear as
volumetric sources in this formulation. It is important to
handle these terms in a manner which is compatible with
the conservative nature of the discretisation scheme for the
equations of motion and with the non-reflective nature of
the boundary conditions. Provided this is done, however,
no extra complication appears to arise from using this ac-
celerating frame approach.13

The governing equations were discretised in a control
volume fashion by assembling numerical fluxes across in-
terfaces using well-proven shock-capturing methods. The
explicit characteristic Roe scheme was implemented to-
gether with Van Leer’s variable extrapolation (MUSCL) of
2nd/3rd order in characteristic variables in each grid di-
rection. Unwanted numerical oscillations were minimised
using the Total Variation Diminishing approach, which was
applied to limit the slopes of the characteristic variables us-
ing the MinMod limiter. Slight modifications were made to
the standard MUSCL TVD variable extrapolation formulae
to account for non-uniform grid spacing.

The solid-wall rotor blade boundary conditions were ap-
plied by assembling the outer fluxes and eliminating the
velocity component normal to the wall. In order to reduce
the entropy generation near the solid boundary more ac-
curate estimates for fluxes adjacent to the boundary were

made by the introduction of symmetric fictitious points ly-
ing inside the blade surface.

At the outer boundary, a range of non-reflecting bound-
ary conditions were used to judge the domain size neces-
sary to ensure that the solution at the acoustic surfaces was
unaffected by the boundary presence.

The computational grid consisted of a series of chord-
wise O-type grids stacked in the blade span-wise direction.
At the blade tip the grid was wrapped around forming a
hemispherical blade cap to provide a uniform mesh distri-
bution away from the blade. A modification of the flux
assembling procedure was needed for where the confluence
of the blade cap radial lines and the blade grid met to en-
sure that the algorithm remained uniform and conservative.
This grid strategy proved to be quite robust in application
to a number of rectangular blade geometries.

Fig. 2 Computational grid and pressure field around a hov-
ering UH-1H rotor blade at MH=0.88

The inviscid solver was tested in a number of one and
two-dimensional initial value problems.14, 15 A simpli-
fied but effective way of applying non-reflecting boundary
conditions was also developed and tested on a number of
problems involving a 2-D transonic pitching blade section
accelerating and decelerating in the free stream.16

The three-dimensional Euler solver has been validated
against several hover and forward flight benchmarks and
has been shown to give good agreement of the calcu-
lated blade surface/near-field pressure variations with ex-
periments and other calculations. For example, figure 3
shows the near-field comparison for a two-blade rotor at
MT � 0 � 7634 and µ � 0 � 25 at the r

�
R � 0 � 88 blade station

in forward flight.17



Fig. 3 Forward flight simulation

Noise Prediction Results
Computations of the aerodynamic field generated by a

rotating helicopter blade were performed for hover and for-
ward flight. The flow in the vicinity of the blade was
transonic for at least part of the rotational cycle, although
tip Mach numbers were sufficiently low to avoid shock de-
localisation. The CFD method was used to calculate the
aerodynamic field around the blade and the permeable sur-
face form of the FW-H equation was used to generate noise
predictions.

Hover
An isolated UH-1H blade with an aspect ratio of 13 � 7

was considered in non-lifting hover; an advantage of non-
lifting blades is that wake-blade interaction complications
are avoided. Noise calculations were performed at two dif-
ferent tip Mach numbers, 0 � 85 and 0 � 88, both of which
involved a supersonic flow pocket above the outer part of
the blade. The noise at an observer lying in the rotor plane
a distance of 3 � 09 rotor radii from the axis of rotation was
calculated by applying the FW-H equation to four different
control surfaces, all of which enclosed the outer part of the
blade and supersonic flow regions.

Fig. 4 The four permeable control surfaces to which the FW-
H was applied

Since the blade motion was periodic, the noise at the ob-
server was also periodic. It had the form of a large negative
pressure peak preceded and followed by a much smaller

positive pressure peak, the characteristic signature of rotor
plane shock-associated noise. For both rotor tip Mach num-
bers, applying the FW-H equation to any of the four control
surfaces gave very similar results. This was to be expected
as the difference in noise prediction from adjacent surfaces
is equal to the noise generated by the quadrupole sources in
the volume between them. The surfaces have been chosen
such that these volumes consist of entirely subsonic flow
and hence this should be negligible. The difference be-
tween the further out adjacent surfaces is likely to be due
to numerical noise rather than physical quadrupole sources;
the ratio of the real solution to numerical noise decreases
with distance from the blade as the real pressure field be-
comes weaker and grid coarsening causes numerical vis-
cosity and domain boundary effects to increase.
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Fig. 5 Predicted sound at an observer in the rotor plane,
robs � Rtip=3.09, for a non-lifting UH-1H blade in hover

Experimental noise measurements in the vicinity of the
negative pressure peaks exist18 and by enlarging the scale
of the graphs in around the negative pressure peak, as in
figure 6, it is seen that the noise predictions compare well
with them. The experimental results were for a 1

�
7th scale

blade model and so the time axis has been scaled to corre-
spond to a full-size blade.
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Fig. 6 Comparison between predictions and experiment
of the predicted sound at an observer in the rotor plane,
robs � Rtip=3.09, for non-lifting UH-1H blade in hover

Forward Flight
The noise prediction method was now applied to the

more challenging problem of forward flight. A rectangu-
lar OLS blade with an aspect ratio of 9 � 22 was considered
in forward flight with a hover tip Mach number of 0 � 664,
an advance ratio 0 � 2605 and an advancing tip Mach number
0.837; the blade was once again non-lifting.

Unlike in the hover test cases, a supersonic flow pocket
no longer existed throughout the rotational cycle of the
blade. It was now restricted to between azimuth angles
of approximately ψ � 70o and ψ � 135o, using the con-
vention of ψ � 90o and ψ � 270o being the advancing and
retreating positions respectively. The strongest shock oc-
curred at ψ � 105o and the Mach contours for this position
are shown in figure 7.

The sound at three observer positions was calculated
using the permeable surface form of the FW-H equation.
Three control surfaces were used which enclosed the su-
personic region when at its largest. All observers were in
the plane of the rotor and translated with the rotor axis such

Fig. 7 Mach contours around the upper blade surface at
ψ=105o for an OLS blade in forward flight

that the distance between the axis and the observers was
fixed at r

�
R � 3 � 44. The angle between the observer and

the downstream direction was varied as shown in figure 8.
Noise prediction results compared to some experimental
measurements19 are shown in figure 9.

rotor disc

r/R = 3.44

forward flight
direction

−30

o
0

o
+30

ω

o

Fig. 8 The observer locations in the frame of the rotation axis

For all three observer positions, a negative pressure peak
was immediately preceded and followed by a smaller pos-
itive peak. The predictions from the three different control
surfaces were in close agreement, the difference again be-
ing due to the physical or numerical quadrupole sources
contained in the volume between them. The predicted
wave shapes and peak magnitudes are in excellent agree-
ment with those from experiment, and the noise variation
with blade azimuth angle is similar. The small shift in the
azimuth response is probably due to a slightly lower ad-
vance ratio (0 � 258) being used in the experiments: there
is some ambiguity in the Baeder paper19 as to the advance
ratio / advancing tip Mach number combination that has
been used. For both the predicted and experimental results,
the peak response occurs somewhere between � 30o and
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Fig. 9 Sound predictions in the rotor plane for 3 observers at
r/R = 3.44 for a non-lifting rectangular OLS blade in forward
flight

0o, corresponding to a location upstream of the advancing
rotor blade.

Although the availability of experimental data has lim-
ited test cases to non-lifting blades, the noise prediction
method is able to predict the noise due to lifting blades in-
corporating variable pitch, coning and rotor disc tilt.

Low Order Modelling
In the previous section, the values of the flow variables

on the control surface were calculated using an unsteady
CFD method. While this is feasible for hover and steady
forward flight, in more complicated helicopter manoeuvres
the associated computational effort will be restrictive.

A more efficient alternative is to approximate the dynam-
ics of the flow quantities relevant to noise prediction using
low order models. In this case, the relevant flow quanti-
ties are the “acoustic sources” on the control surface, given
by ρ0Un and the vector Li in equation (7). By developing
low order models to describe the dynamics of ρ0Un and Li
in response to flight condition variations, an unsteady CFD
computation is needed only for a few time steps rather than
for the full simulation.

In general, low order models for ρ0Un and Li are required
at all grid points on the three-dimensional control surface.
To demonstrate the principles of low order modelling with-
out this quantity of information, two-dimensional flow has
been considered so that the section of the control surface
can be taken as constant and only the variation of acoustic
sources along the contour of the section need be consid-
ered.

If the retarded time variations across a given section are
small (the surface section is compact) then the acoustic
sources combine in equation (7) as straightforward contour
integrals multiplied by their associated length. The surface
section will be compact if the Mr term is sufficiently small.

Thus under the conditions of two-dimensional flow and a
compact surface section, low order models to describe the
dynamics of the following integrals:

�
C

ρ0Un dC �
�

C
Lx dC �

�
C

Ly dC (12)

, where C is the contour of the control surface section,
provide sufficient information for noise prediction. By
obtaining low order models for the above acoustic source
integrals, the technique and power of low order modelling
can be neatly demonstrated.

In two-dimensional flow, the flight condition variables
are blade speed and blade pitch angle. These are taken
to be the system inputs with the system outputs being the
acoustic source integrals in equation (12). It was initially
assumed (and later shown) that the system exhibited dy-
namic linearity, meaning that input and output variations
about their mean or quasi-steady values were linearly re-
lated. Dynamic linearity enables system identification to
be used to develop low order models.

System identification is an input/output modelling tech-
nique for developing a mathematical model of a dynamic
system using observed system data.20 It fits the parameters
of a model structure to measured input and output data and
its success depends on the choice of model structure and the
quantity and quality of data used. It has recently been used
in approximating unsteady CFD solutions around complex
bodies21 and in approximating flame transfer functions in
combustion oscillations.22

An important issue in system identification is the form
of the input signals, in this case the blade speed and blade
pitch angle variations. Input signals must have a numer-
ically practical form, have a sufficiently large frequency
bandwidth and should not be susceptible to significant
noise contamination. Ljung20 and Zhu et al22 have eval-
uated the suitability of different forms of input signal for
CFD simulations and concluded that a “sum of sines” input
signal is an appropriate choice. The “sum of sines” signal
for a single-input system has the form,

f � � t � � f̂
K

∑
k � 1

sin � ωkt � 2πφk � (13)

where K is the number of sinusoids spread equally over the
passband, ωk � ωmin � � k � 1 � � ωmax � ωmin �

� � K � 1 � � k �
1 � � � K and ωmin and ωmax are the lower and upper limits of
the passband. To ensure that the component sinusoids are
independent, the phase of the kth sinusoid at t � 0 is 2πφk
where φk is a random number chosen from a uniform distri-
bution on the interval � 0 � 1 � . f̂ is simply a scaling constant.

For a multi-input system, each input signal is made up of
a “sum of sines” as in the single input case, but the frequen-
cies contained in each signal interlace one another over the
passband. For the two-input system under consideration,



the blade speed and blade pitch angle inputs had the fol-
lowing form:

v � t � � 262 � 2 � 0 � 6
170

∑
k � 1

sin � ωkt � 2πφk �

α � t � � 3 � 66 � 0 � 08
170

∑
j � 1

sin � ω jt � 2πφ j �

where ωk � 6 � 2 � k � 1 � � ω j � 4 � 2 � j � 1 �

(14)

The mean levels of 262 � 2 m/s and 3 � 66 degrees were cho-
sen so that the flow above the blade surface would always
be transonic i.e. there would always be a shock present.
Preliminary studies of the shock dynamics had suggested
that shock emergence and disappearance is a non-linear
regime which is not well modelled using system identifi-
cation. Interest was therefore confined to the regime de-
scribed as type A shock motion by Tijdeman;23 the shock
strengths are largest in this regime and so it is likely to be
the main regime of interest in terms of shock-noise gener-
ation. As is standard for dynamically linear systems, the
mean levels of the input and output signals were neglected
when performing the system identification and just the fluc-
tuating parts of the signals were used.

For the system identification, an IIR (infinite impulse re-
sponse) filter model structure was used. For a given input,
this represents the corresponding output as a linear combi-
nation of previous outputs and present and previous inputs.
For a single-input single-output (SISO) system the equa-
tion is,

o � � t � �
I

∑
i � 0

ai f � � t � iT � �
J

∑
j � 1

b jo � � t � jT � (15)

Taking z-transforms gives:

o � � z � � ∑I
i � 0 aiz � i

1 � ∑J
j � 1 b jz � j

f � � z � (16)

For larger numbers of inputs or outputs, the z-transform
method of expressing the IIR filter structure is more suit-
able. For the two-input system being considered, the IIR
filter structure used was:

o � � z � � ∑I
i � 0 aiz � i

1 � ∑J
j � 1 b jz � j

f �1 � z �

�
∑K

k � 0 ckz � k

1 � ∑L
l � 1 dlz � l

f �2 � z �
(17)

where f �1, f �2 and o � are the inputs and output respectively, T
is the sampling period, � I � J � and � K � L � are the filter orders
and ai, b j, ck and dl are the constant coefficients. The pro-
cess of system identification aims to find the coefficients
which give best fit to the data, in this case obtained from
the CFD simulation.

Results
The dynamic response of the acoustic source integrals,

as measured from the CFD simulation and as predicted by
the IIR filter model structure are shown in figure 10.
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Fig. 10 The frequency response of the acoustic source inte-
grals in response to blade speed and blade pitch angle varia-
tions

It is seen that filters of order � 2 � 2 � are sufficient to ap-
proximate the dynamics accurately. This means that infor-
mation at just four initial times (two if one of the inputs
is zero) is required to predict all subsequent behaviour, al-
though it should be noted that the sampling period used
in system identification is larger than the CFD time step.



The exact form of the filters is shown below where I1 ��
C ρ0Un dC, I2 �

�
C Lx dC and I3 �

�
C Ly dC.

I �1 � z � � 0 � 0850 � 0 � 130z � 1 � 0 � 0452z � 2

1 � 1 � 92z � 1 � 0 � 921z � 2 v � � z �

�
53 � 4 � 103z � 1 � 49 � 7z � 2

1 � 0 � 806z � 1 � 0 � 180z � 2 α � � z �
(18)

I �2 � z � � � 44 � 3 � 73 � 0z � 1 � 28 � 8z � 2

1 � 1 � 90z � 1 � 0 � 899z � 2 v � � z �

�
17000 � 35200z � 1 � 18200z � 2

1 � 0 � 0139z � 1 � 0 � 939z � 2 α � � z �
(19)

I �3 � z � � � 135 � 266z � 1 � 131z � 2

1 � 1 � 90z � 1 � 0 � 898z � 2 v � � z �

�
� 5540 � 10500z � 1 � 4960z � 2

1 � 1 � 81z � 1 � 0 � 813z � 2 α � � z �
(20)

The frequency response for each of the inputs varying in
isolation was also found by holding the other constant at its
mean level. In both cases, the same response as in figure 10
was found, validating the assumption of dynamic linearity.

As mentioned previously, the integrals of the acoustic
source integrals can be used in sound prediction if the flow
is two-dimensional and sufficiently subsonic. Such a case
was considered, involving an infinitely long blade of con-
stant cross section. The blade pitch angle was held constant
at 3 � 66 degrees and the blade speed varied sinusoidally as
v � t � � 262 � 2 � 15 � 6cos � 100t � . The sound originating from
the central 1m length was considered at an observer whose
position was fixed in the frame of the blade. The observer
location was chosen so that the maximum value of Mr at
any point on the permeable control surface was 0 � 6, which
is sufficiently low to justify the assumption of compactness.

The sound at the observer location as a function of time
was then calculated using the permeable surface form of
the FW-H equation in three different ways.

1. By calculating the retarded time at each point on the
control surface and using full CFD data.

2. By assuming constant retarded time across the section
of the control surface and using full CFD data.

3. By assuming constant retarded time across the surface
section and using low order models for the acoustic
source integrals instead of CFD data.

The agreement between the first two is a measure of how
compact the surface section is; the agreement between the
latter two is a measure of how well the low order models
are performing. It can be seen from figure 11 that all three
are in close agreement, confirming that low order models
are able to replace the need for a full CFD simulation. The
actual behaviour of the acoustic source integrals throughout

0 0.01 0.02 0.03 0.04 0.05 0.06

−0.1

0

0.1

time in s

pr
es

su
re

 in
 P

a

Sound against time for 1 period of signature

CFD non−compact
CFD compact
Low order models

Fig. 11 Comparison of sound prediction using CFD and low
order models

the cycle compared to that predicted by the low order mod-
els is shown in figure 12. It should be noted that this level
of accuracy is achieved with filters of order just � 2 � 2 � ; by
increasing the filter orders the accuracy could be improved
still further.
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Fig. 12 The behaviour of the acoustic source integrals
throughout the blade speed cycle

The above has demonstrated that low order models can
be used to replace the need for a full CFD simulation in
two-dimensional flow. The methodology would be much
the same for three dimensional flow, the only difference
being that models for the acoustic sources ρoUn, Lx, Ly and
Lz would need to be derived for those points on the control
surface which contributed significantly to the integrals.

Conclusions
The permeable form of the FW-H equation has been

used to predict transonic rotor noise with much less com-
putational effort than has previously been possible. The
methodology involved applying the FW-H equation to con-
trol surfaces which were very small while enclosing both
the blade and all transonic flow regions. Such a choice of



control surface allowed the quadrupole term in the FW-H
equation to be neglected and meant that an accurate CFD
solution was required only in the vicinity of the blade. This
methodology also allowed some physical insight into the
noise generation to be retained.

Noise predictions for both hover and forward flight test
cases were obtained by using an Euler based CFD method
to calculate the flow variables on the control surface. The
permeable surface form of the FW-H equation (the retarded
time formulation with the quadrupole term neglected) was
then used to calculate the propagation of sound from the
control surface to the observer. The noise predictions
showed very good agreement with experimental results,
validating the methodology.

It was then demonstrated that low order modelling tech-
niques can be used to approximate the effect of changing
flight conditions on those flow variables relevant to noise
generation. The implications of this are that low order mod-
els can replace the need for a full unsteady CFD calculation
in cases where this would be too time consuming, such
as for three-dimensional manoeuvres. For ease of illustra-
tion, two-dimensional transonic flow for which the control
surface section was acoustically compact was considered.
Low order models for the section contour integrals of the
acoustic sources were obtained using system identification
techniques appropriate for dynamically linear systems. The
low order models were used in noise prediction and the re-
sults were in close agreement to those obtained using a full
CFD simulation.
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